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The principal result of this paper is the following Markov-type inequality for
Miintz polynomials.

TreOREM (Newman’s Inequality on [a, 5] <= (0, 0)). Let A:=(4;);Z, be an
increasing sequence of nonnegative real numbers. Suppose 1.,=0 and there exists a
6>0 so that 7;=0j for each j. Suppose 0 <a<b. Then there exists a constant
c(a, b, o) depending only on a, b, and J so that

[Pl .07 < c(a, b, 6) < Y /1/> [Pl papy

j=0

Jor every PeM,(A), where M,(A) denotes the linear span of {x,x™, .., x*}
over R.

When [a,b]=[0,1] and with |P'|,,; replaced with |xP'(x)|,,; this was
proved by Newman. Note that the interval [0, 1] plays a special role in the study
of Miintz spaces M, (). A linear transformation y = ax + f does not preserve mem-
bership in M,(A) in general (unless §=0). So the analogue of Newman’s Inequality
on [a, b] for a>0 does not seem to be obtainable in any straightforward fashion
from the [0, ] case. © 1996 Academic Press, Inc.

1. INTRODUCTION AND NOTATION

Let A :=(4;);Z, be a sequence of distinct real numbers. The span of

{x%, XM, X
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over R will be denoted by
M, (A):=span{x™, x", ., x*}.

Elements of M,(A) are called Miintz polynomials. Newman’s beautiful
inequality [6] is an essentially sharp Markov-type inequality for M, (A1),
where A :=(4,;)/Z, is a sequence of distinct nonnegative real numbers. For
notational convenience, let |||/, 7 := [l [as-

Tueorem 1.1 (Newman’s Inequality). Ler 4 :=(4,)2, be a sequence of
distinct nonnegative real numbers. Then

2
=0

HXPI(X)H[O,IJ < z

05 PeMyA) ”PH[O,IJ j=0

Frappier [4] shows that the constant 11 in Newman’s Inequality can be
replaced by 8.29. In [2], by modifying (and simplifying) Newman’s
arguments, we showed that the constant 11 in the above inequality can be
replaced by 9. But more importantly, this modification allowed us to prove
the following L, version of Newman’s Inequality [2] (an L, version of
which was proved earlier in [3]).

THEOREM 1.2 (Newman’s Inequality in L,). Let pe[l, ). Let
A= (4;)]Z, be a sequence of distinct real numbers greater than —1/p. Then

[xP'(x )”L,,[o 11 <l/p+12<_z /1 +1/P >> HP”LP[O,IJ

for every M e M,(A) :=span{x™, x", .., x™}.

We believe on the basis of considerable computation that the best
possible constant in Newman’s Inequality is 4. (We remark that an
incorrect argument exists in the literature claiming that the best possible
constant in Newman’s Inequality is at least 4 ~|—\/E =7.87...)

[e o]

Conjecture (Newman’s Inequality with Best Constant). Let 4 :=(4;)/2,

be a sequence of distinct nonnegative real numbers. Then

[xP'(x) [01]<4< Z >|P|[01]

for every Pe M, (A) :=span{x™, x*, ., x*}.

It is proved in [1] that under a growth condition, which is essential,
[XP'(x)| 0,17 in Newman’s Inequality can be replaced by [[P'|/;( ;. More
precisely, the following result holds.
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THEOREM 1.3 (Newman’s Inequality without the factor x). Let
A= (4;)]Z, be a sequence of distinct real numbers with A,=0 and ;> j for
each j. Then

1P o1y <18 < > /1,—> 1Pl to.19
j=0
for every Pe M ,(A).

Note that the interval [0, 1] plays a special role in the study of Miintz
polynomials. A linear transformation y =ax + f does not preserve mem-
bership in M,(A) in general (unless f=0), that is Pe M,(A) does not
necessarily imply that Q(x) := P(ax + ) € M,(A). Analogues of the above
results on [a, b], a >0, cannot be obtained by a simple transformation. We
can, however, prove the following result.

2. NEw RESULTS

THEOREM 2.1 (Newman’s Inequality on [a, b] = (0, ©0)). Let A:=(1;);7~,
be an increasing sequence of nonnegative real numbers. Suppose A,=0 and
there exists a 0 >0 so that ;= dj for each j. Suppose 0 <a<b. Then there
exists a constant c(a, b, ) depending only on a, b, and 6 so that

HP”[ab]<0a b, 9) <Z 7 > ”P”[a,b]

orevery "€ , Where enotes the linear span of {x™, x™, ..., x™
J y PeM,(A), where M,(A) dh he i D f{ A0 Al )}

over R.

Theorem 2.1 is sharp up to the constant ¢(«, b, ). This follows from the
lower bound in Theorem 1.1 by the substitution y =5 ~'x. Indeed, take a
PeM,(A) so that

§< DI > IPllgo.15-

Then Q(x) := P(x/b) satisfies
10110 > 1@ =0 P25 ( 5 ) 1Pl

255 (5 4) 1€l
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The following example shows that the growth condition 4,>dj with a
0>0 in the above theorem cannot be dropped. It will also be used in the
proof of Theorem 2.1.

THEOREM 2.2.  Let A:=(4;)]Z, where A;=0j. Let 0 <a<b. Then

P'(a) , 260°~!
Tl gy =25

I’l2

max
0+#PeMyA) HPH [a,b]

where, with T,(x)=cos(n arccos x),

2x° bo+a’
b —da° - b — o

00 =T,

is the Chebyshev “polynomial” for M,(A) on [a, b]. In particular,

lim max LdC] =
50 0%PeMyA) (Zj'.’:olj) [Pl a5

Theorem 2.2 is a well-known property of differentiable Chebyshev
spaces. See, for example, [5] or [1].

3. LEMMAS

The following comparison theorem for Miintz polynomials is proved in
[1, E4 f of Section 3.3]. For the sake of completeness, in the next section
we outline a short proof suggested by Pinkus. This proof assumes
familarity with the basic properties of Chebyshev and Descartes systems.
All of these may be found in [5].

Lemma 3.1 (A Comparison Theorem). Let A :=(4;)2,and I":=(y;)]2,
be increasing sequences of nonnegative real numbers with l,=7y,=0, and
7, < 4, for each j. Let 0 <a <b. Then

[P’ (a)| |P'(a)]

max = ma :
PeM,(I) ”PH[a,b] PeMy(a) HPH[a,b]

The following result is essentially proved by Saff and Varga [7]. They
assume that 4 :=(4;);Z, is an increasing sequence of nonnegative integers
and 0 =1 in the next lemma, however, this assumption can be easily drop-
ped from their theorem, see [1, E.9 of Section 6.1]. In fact, their proof
remains valid almost word by word; the modifications are straightforward.
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LeEmMmA 3.2 (The interval where the norm of a Miintz polynomial
lives). Let A:=(7;)], be an increasing sequence of nonnegative real
numbers. Let 0# Pe M, (A) and Q(x) :=x*P(x), where k is a nonnegative
integer and J is a positive real number. Let £€[0,1] be a point so that
|O(E)| = 1Qll10.17- Suppose 2;= Jj for each j. Then

e \2/°
<k + n> <<

The above result is sharp in a certain limiting sense which is described
in detail in Saff and Varga [7].

4. PROOFS

Proof of Lemma 3.1. It can be proved by a standard perturbation
argument (see, for example, [5]) that

wp 2@ _ ITia)
0#Pe MyA) HPH[a,b] HTnH[a,b]

where T, is the Chebyshev polynomial for the Chebyshev space M, (A). In
particular, T, has n distinct zeros in (a, b) and

|Tn(a)| = |Tn(b)| = HTnH[a,b] = 1
Let
T, (x)=:Y ¢;x%, ceR
j=0
Since
Ti(x)=) ¢;lux""!
j=1

and since

(x7 x71, ..., x)

is a Descartes system on [«, b] for any choice of gy < --- <a,, it follows
that 7, has exactly n—1 zeros in [a, b], and thus if we normalize T, so
that 7T (a) >0, then T,(a)<0. Under this normalization,

(—1)7+'>0, j=0,1,..n

J
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Now let ke {1,2,..,n} be fixed. Let (y,)}_, be such that

O=po<yi < -+ <pp, Vj:i' Jj#k, and Ay <pp </

jo

To prove the lemma it is sufficient to study the above case since the general
case follows from this by a finite number of pairwise comparisons.
Choose Q,,e M ,(I') of the form

Q.(x)=} d;x”, dieR
j=0
so that
Qn(ti):Tn(ti)’ l:O’ l’---an
where t,:=a and ¢, <t,< --- <t, are the n zeros of T, in (a, b). By the
unique interpolation property of Chebyshev spaces, Q, is uniquely deter-
mined, has n zeros (the points ¢,, t,, ..., f,), and is negative at a. (Thus
(—1)/*"d;>0 for each j=0, 1, .., n.)
We have

(T,=0)(0) = Y (¢;=d)x/+cox™—dixn

Jj=0,j#k

The function T, — Q, changes sign on (0, co) strictly at the points ¢,, i=
0,1, .., n, and has no other zeros. By Descartes’ rule of sign,

co—do, 1 —dyy s Choy—di 1, —di, Cls Cro1 — i1y ey € —d,
strictly alternates in sign. Since (—1)**!¢, >0, this implies that
(—=1)"**'"(T,—Q0,)(x)>0 for x>t,.
Thus for xe(¢;_,, t;) we have
(=1 T,(x)>(=1) Q,(x)>0.

In addition, we recall that Q,(a)=T,(a)<0.
The observations above imply that

10l an1 <N Tullapy=1 and 0.(a)=T,(a)>0.
Thus

’ al P
Ol | IT@l _ o Pl
”Qn“[a,b] HTnH[a,b] 0#PeMyA) HP”[a,b]

The desired conclusion follows from this. [



138 BORWEIN AND ERDELYI

Proof of Theorem 2.1. Let Pe M,(A). We want to estimate |P'(y)| for
every ye[a, b]. First let ye[i(a+b),b]. We define Q(x):=x""P(x),
where m is the smallest positive integer satisfying

a+b< m \?°
a<L———|—— .
2 m+1

Scaling Newman’s Inequality from [0, 1] to [0, y], then using Lemma 3.2,
we obtain

9 n
OI<=3 (4+mnd) |0l 0.
YiZo
9 n
;Z )+mn5 HQH[}m/(erl)Z') ]

n

Cl(aa ba 5) < Z /’L]> HQH[a,y]

j=0
with a constant ¢,(a, b, d) depending only on «, b, and J. Hence

0
P10y + =P

n

<yimnécl(aﬂ b7 5) < Z > HQH[a »] + HP”[a »]

Jj=0

s2(a, b, 0) <Z >|P|[M]

ab6<zi>mwm

with a constant c,(a, b, d) depending only on «a, b, and J.
Now let ye[a, 3(a+b)]. Then, by Lemma 3.1 and Theorem 2.2, we can

deduce that

< C3(a9 b) 5)’12 HP” [».0]
<cyla, b, 9) < Z ;“j> HPH[y,b]
j=0

with constants c5(a, b, ) and c4(a, b, 6) depending only on a, b, and . This
finishes the proof. ||



NEWMAN INEQUALITY ON POSITIVE INTERVALS 139

ACKNOWLEDGMENTS

The authors thank Allan Pinkus for suggesting a short proof of Lemma 3.1.

REFERENCES

. P. B. BoRWEIN aND T. ERDELYI, “Polynomials and Polynomials Inequalities,” Springer-
Verlag, New York, 1995.

. P. B. BORWEIN AND T. ERDELYI, The L, version of Newman’s inequality for lacunary poly-
nomials, Proc. Amer. Math. Soc., to appear.

. P. B. BorweIN, T. ERDELYI, AND J. ZHANG, Miintz systems and orthogonal Miintz—
Legendre polynomials, Trans. Amer. Math. Soc. 342 (1994), 523-542.

. C. FrRAPPIER, Quelques problémes extrémaux pour les polynomes et les functions entieres
de type exponentiel, Ph.D. dissertation, Université de Montreal, 1982.

. S. KARLIN AND W. J. STUDDEN, “Tchebycheff Systems with Applications in Analysis and
Statistics,” Wiley, New York, 1966.

. D. J. NEwMaN, Derivative bounds for Miintz polynomials, J. Approx. Theory 18 (1976),
360-362.

. E. B. SAFF AND R. S. VARGA, On lacunary incomplete polynomials, Math. Z. 177 (1981),
297-314.



